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We propose an experiment for detecting Axion-Like Particles (ALPs) based on the axion-photon interaction
in the presence of a non-uniform magnetic field. The impact of virtual ALPs on the polarization of the pho-
tons inside a cavity is studied and a detection scheme is proposed. We find that the cavity normal modes are
dispersed differently owing to their coupling to the ALPs in the presence of a background magnetic field. This
birefringence, in turn, can be observed as a phase difference between the cavity polarization modes. The signal
is considerably enhanced close to the resonance frequencies of the cavity and further enhanced for a squeezed
light source. We propose to scan the resonances with a variable frequency source. We argue that the amplified
signal allows for exclusion of a broad range of axion mass 10−3eV.ma . 1 eV even at very small axion-photon
coupling constant with the potential to reach sensitivity to the QCD axion. Our scheme allows for the exclusion
of a range of axion masses that has not yet been covered by other experimental techniques.
Axions are pseudo-scalar particles beyond the Standard
Model (SM) of particle physics, originally introduced by the
Peccei-Quinn mechanism in order to solve the CP problem
of QCD [1–4]. Moreover, Axion Like Particles (ALPs) are
generalizations of the QCD axions which arise from string
theory due to the compactification of extra dimensions [5, 6].
The main difference between these two types of axions is that
for ALPs, the mass and coupling constant are independent
of each other. This property allows a much wider parameter
space and hence a rather rich phenomenology for ALPs. Both
axions and ALPs are prominent candidates for Dark Matter
(DM) [7–9] and can have a multitude of different couplings
to the SM. While the allowed mass region of DM axion is
limited to 10−24eV . ma . 10−1eV [10, 11], an ALP which
is not DM can take any value of the mass, depending on the
coupling strength.
Extensive experimental efforts have been conducted to
search for axions and ALPs in recent years [12–25]. Many
experiments exploit the axion coupling to two photons, which
causes two different effects; i) axion-photon mixing induced
by a constant magnetic field; ii) vacuum birefringence due to
the photon propagation through a distribution of axion back-
ground. The axion-photon conversion under magnetic field
known as inverse Primakov process, has been used in or-
der to design high-precision haloscope cavities [22, 26–33].
Haloscopes are used to search for axion DM, and the signal
is a function of the local DM density. Helioscopes, on the
other hand, are designed to search for axions produced in the
sun by converting them to X-rays in a laboratory magnetic
field [22, 34].
Thanks to the recent technological advances in laser facili-
ties and high precision optical setups, several projects, such as
BRFT [35], PVLAS [36], BMV [37] and Q&A [4], have been
proposed in order to find indirect evidence of axions. These
kinds of searches are mainly based on looking for unexpected
changes in the amplitude, phase, or polarization of propagat-
ing probe photons [38, 39]. Recently, a new class of exper-
iments has emerged, based on laser interferometry [40–46],
where an optical cavity is used to measure the induced phase
difference between two circularly-polarized modes in a laser
beam due to the interaction with a background of ALP dark
matter. Furthermore, ALPs may mediate short-range spin de-
pendent forces between spin polarized sources such as elec-
tron and nucleon [47, 48]. Searching for ALPs in this manner
is independent of the ALP DM density [49, 50].
Photon-photon scattering intermediated by a virtual axion
can also provide a strategy for the detection of ALPs [51–
54]. It turns out that the interaction of a photon with an ex-
ternal magnetic field induced by an ALP contributes to vac-
uum birefringence [55]. Vacuum birefringence is a manifesta-
tion of nonlinear photon-photon scattering and causes a phase
difference between polarization modes of photons propagat-
ing through the magnetic field. In other words the pseudo-
scalar nature of the axion-photon interaction generates po-
larization asymmetry, and can produce a net circular polar-
ization from an initially linear polarized radiation. The s-
channel of photon-photon scattering can provide mass infor-
mations about ALPs with a precision of the monochromatic-
ity of the light. Providing sufficient energy from incoming
photons leads to a resonance pole where real ALPs may be
created.
In this Letter, we propose a novel experiment based on the
forward scattering of photons via virtual ALP exchange from
an inhomogeneous magnetic field inside a cavity [Fig. (1)].
Such off-shell ALPs-induced scatterings can be observed as a
phase shift in the output field of the cavity modes. Unlike the
previous works where the scattering occurs in a constant mag-
netic field [4, 35, 55], our setup offers a momentum exchange
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FIG. 1. The scheme proposed in this paper: An optical cavity of
length L is pumped by coherent or squeezed light. A background
magnetic field is applied perpendicular to the cavity axis, mediating
the laser interaction with ALPs. The axion-induced dispersion in-
troduces a phase deviation which is measured through a homodyne
detection.
between the photons and a non-uniform background magnetic
field which gives rise to resonant scattering processes in the
presence of massive ALPs. The resonance enhances the bire-
fringence and thus the phase deviation signal. Since it uses
off-shell ALPs, our detection scheme is not sensitive to the
local DM density of ALPs. By creating a harmonic profile for
the magnetic field inside the cavity, we show that one is able
to cover a wide mass region by changing the incident photon
energy and thus scanning the resonance.
The framework.—Pseudoscalar ALPs couple to electro-
magnetic fields through the following interaction Lagrangian
[1–3]
Laγγ = 14gaγγaFµν F˜
µν , (1)
where gaγγ is the axion-photon coupling constant, a is
the pseudoscalar field describing ALPs and Fµν ( F˜µν ≡
1
2ε
µνρσFρσ ) is the electromagnetic (dual-) field strength ten-
sor. The interaction of photons with the external magnetic
field can be explored by expanding the field strength ten-
sor around the background field as Fµν = F¯µν + fµν where
fµν = ∂µAν −∂νAµ behaving as a quantum field on top of the
static classical background F¯µν . Therefore, the coupling of
ALPs to photons in the presence of an external background
field is represented as
LaγB = 12gγaaε
µναβ F¯µν∂αAβ . (2)
Interaction of a photon with an external magnetic field medi-
ated by an ALP can be described by the second-order inter-
action Hamiltonian HγB. This Hamiltonian is effectively de-
fined by the second-order S-matrix element S(2)(γs → γs′) =
−i∫ dt HγB [56]. Fig. 1 shows the scheme of the experiment
as well as the Feynman diagram of this process. Applying the
forward scattering condition in which the photon momenta re-
main unchanged (p = p′) while their polarization can change
(s 6= s′), the interaction Hamiltonian is obtained as (see Sup-
plementary Material for details)
HγB =
2g2aγγ
V
∫ d4k
(2pi)4
d4x′d3x ∑
s,s′,p
ωpa†s′(p)as(p)
k2−m2a+ iωkΓa
×[εs ·B(x)][εs′ ·B(x′)]e−i(k−p)·(x−x′) (3)
where Bk(x) = −εki jF¯i j(x)/2 is the external magnetic field
vector, εsν are the photon polarization vectors, p = (ωp,p)
is the four-momentum of the pumped photons into the cav-
ity, k = (ωk,k) is the four-momentum of ALPs, and V is
the cavity mode volume. The decay rate, Γa, appeared in
Eq. (3), due to the unstable nature of ALPs. Here, we only
consider ALP masses below 2me, where the decays into pho-
tons are only allowed [57]. In the presence of the background
magnetic field, the axion decay rate can be decomposed into
Γa = Γ0(a→ γγ)+ΓB(a→ γ) where Γ0 = g2aγγm3a/64pi [58]
is the axion to two photon decay rate, and ΓB is the axion
photon conversion rate. In the high magnetic fields consid-
ered in this Letter ΓB Γ0 and therefore in the following we
set Γa ≈ ΓB. The existence of a pole in the effective ALP
propagator, D−1a (k) = k2−m2a + iωkΓa, at the physical mass
of ALPs leads to resonance enhancement of the vacuum bire-
fringence signal which is originating from interaction Hamil-
tonian Eq. (3). While our expected signal scales as g2aγγ/m
2
a
for ALP masses sufficiently far from the resonance, close to
the resonant point the signal will be enhanced as Ag2aγγ with
A denoting an amplification factor due to the resonance effect.
Note that ALPs with masses larger than the typical energy
scale of scattered photons (ma  ω) can be integrated out
giving rise to an effective local interaction between photons
[53, 54]. The experimental design in [54] is based on 4-photon
interaction in order to detect a frequency shift between pho-
tons inside a radiofrequency cavity. It is shown that the photon
signal of off-shell ALPs is proportional to N 2a g4aγγ where Na
is the number of ALPs [54]. Moreover, the effect of on-shell
ALPs in Light-Shining through a Wall (LSW) experiment is
proportional toNag4aγγ [59, 60]. However, our effect goes like
g2aγγ rather than g
4
aγγ due to the fact that our detection scheme
is based on measuring the phase difference.
It is essential to distinguish the ALP effect from competing
processes. It is well-known that in the SM the QED vacuum is
made up of virtual pairs and effectively behaves as a birefrin-
gent medium in the presence of electromagnetic fields. The
presence of the virtual electron-positron pairs induces nonlin-
ear effects to Maxwell’s equations, caused by photon-photon
scattering. This kind of non-linearity for the low-energy pho-
tons, is encoded in the effective Euler-Heisenberg (EH) La-
grangian [61–64]. The one-loop EH Lagrangian in the pres-
ence of the background field F¯µν is given [65, 66].
LEH = α
2
90m4e
[5 fµν f µν F¯λρ F¯
λρ +10F¯µν f µν fλρ F¯
λρ
−14 fµν F¯νλ fλρ F¯ρµ −28 fµν f νλ F¯λρ F¯ρµ ] . (4)
Imposing the forward scattering condition, the interaction
3Hamiltonian is obtained as
HEHγB =−
α2
15m4e
∫
d3x ∑
p,s,s′
ωpa†s′(p)as(p)[ε
s ·B(x)][εs′ ·B(x)] .
(5)
Comparing the contribution of ALP to that coming from EH
interaction for low energy photons (ω  me and ma), it can
be shown that in a wide range of the parameter space the ALP
effect is the dominant process [53, 54](
gaγγ
ma
)
& 0.73×
(
α
m2e
)
=
2.05×10−5
(eV) · (GeV) . (6)
Moreover, close to the resonance (ω ' ma) the ALP vacuum
effect surpasses the virtual electron-positron effect in an even
wider parameter region (see below).
Spatially harmonic magnetic field profile.—We choose a
spatial harmonic form for the magnetic field along the cavity
axis, x-direction, with wavelength `
B(x) = B0 cos(x/`) . (7)
Inserting this magnetic field profile in the interaction Hamil-
tonian (3) and integrating over x, x′, k0 and p⊥, we find
HγB = ∑
s,s′,p
Fp(εs′ · bˆ)(εs · bˆ)a†s′(p)as(p) . (8)
Here, bˆ is a unit vector pointing in the direction of magnetic
field and the interaction rate is complex Fp ≡ Fpr + iFpi with
real and imaginary parts given by
Fpr =
8Gp
pi2
∫
dkx
ωp(p2x− k2x −m2a)P(px− kx,L, `)
(p2x− k2x −m2a)2+(ωpΓB)2
, (9a)
Fpi =
8Gp
pi2
∫
dkx
ω2p ΓBP(px− kx,L, `)
(p2x− k2x −m2a)2+(ωpΓB)2
, (9b)
where we have introduced Gp ≡ pi`2g2γaB20/2L and the profile
function
P(qx,L, `) =
[`qx cos( L2` )sin(Lqx2 )− sin( L2` )cos(Lqx2 )
`2q2x−1
]2
.
The axion photon conversion rate in the presence of a har-
monic magnetic field (7) takes the following form (see Sup-
plementary Material for details)
ΓB =
Gpωp
pi
√
k2x +m2a
P(q¯x,L, `) , (10)
with q¯x ≡
√
k2x +m2− kx. On the other hand, in the presence
of a uniform magneric field the interaction rate of photons is
obtained as
Fp =−2g2aγγB20ωp
(
m2a+ iωpΓB0
m4a+(ωpΓB0)2
)
. (11)
where the conversion rate is ΓB0 = g
2
aγγB
2
0L/4.
In the rest of this Letter, we employ the Hamiltonian (8) to
study the dynamics of photon polarization of the cavity modes
and determine the minimum detectable coupling rates F for
feasible experimental parameters.
Cavity detection scheme.—In order to probe the virtual
ALPs we propose a detection scheme based on high-precision
phase measurement on the field of a high-finesse cavity. A
Fabry-Perot optical cavity of length L is placed inside a
nonuniform magnetic field perpendicularly applied to the cav-
ity axis [see Fig. 1]. By assuming a one-dimensional (1D)
model, the cavity longitudinal mode frequencies are found as
ωn = npic/L with n = 1,2,3, · · · . The cavity modes are sep-
arated by the free spectral range (FSR) ∆FSR = pic/L and at
each frequency the cavity supports two orthogonal polariza-
tion modes {ε1,ε2}. At each run of the experiment only one
of the cavity modes is selected by coherently pumping at a
laser frequency ωL—on resonance with the mode. Scanning
over a given mass range can be done by changing frequency
of the laser. The accumulated optical field inside the cavity
thus becomes a coherent state |α〉 with a well-defined am-
plitude and phase α = |α|eiφ . According to our theory, in
the absence of a magnetic field no axion-photon interaction
is expected. One, thus, expects a trivial time evolution for
the field with the dynamical phase determined by the pump
frequency |α〉(t) = |αe−iωLt〉. Nevertheless, in the presence
of a magnetic field the axion-photon interaction triggers the
polarization-flip processes.
The multi-mode Hamiltonian in Eq. (8) simplifies to H =
∑s
(
ωLa†s as+∑s′Fa†s as′
)
that describes coherent evolution of
the two polarizations modes with the selected frequency. Note
that we have dropped the p dependency in the Hamiltonian
for the convenience. F =Fr+ iFi is a complex number given
in Eqs. (9), therefore, the Hamiltonian is not Hermitian. Its
imaginary part modifies the decay rate of the cavity mode. We
employ the quantum Langevin equation formalism to study
the dynamics of the cavity modes [67, 68]. The loss and noise
processes are introduced by the input-output theory [69]
a˙1 =−(κ˜+ iω˜)a1− iFa2+
√
2κ ain1 , (12a)
a˙2 =−(κ˜+ iω˜)a2− iFa1+
√
2κ ain2 , (12b)
where ainj are the input noise operators. Here, κ˜ ≡ κ−Fi is the
modified cavity decay rate, while ω˜ ≡ ωL +Fr is the axion-
dispersed resonance frequency of the driven cavity mode. By
employing the normal modes a± ≡ a1±a2 the system dynam-
ics is described by the following non-interacting equations
a˙± =−(κ±+ iω±)a±+
√
2κ± ain±, (13)
with ω± = ω˜ ±Fr and κ± = κ˜ ∓Fi. Through this trans-
formation the a−-mode assumes a frequency and decay rate
equal to the original cavity mode, while ω+ = ωL + 2Fr and
κ+ = κ−2Fi are attributed to a+.
Occurrence of the photon polarization-flip is then detected
by measuring and comparing the phase of the cavity output
field against the pump field as a reference [see Fig. 1]. In
4the absence of interaction no deviation in the phase δφ is
expected. However, when the axion-induced dispersion gets
activated by the static magnetic field, we anticipate a non-
vanishing deviation in the phase of the normal modes as:
δφ− = 0 and δφ+ = 2Frτ for optical pulses of duration τ .
This gives rise to the average deviation in the phase δφ ≈Frτ .
We have neglected differences in the decay rate of the modes
as it becomes negligible even for the highest available cav-
ity quality factors. The accumulated phase δφ can be en-
hanced with a longer measurement time. However, the maxi-
mum available τ is limited by the cavity lifetime τmax ≈ 1/κ
which is attainable for sufficiently long laser pulses. The ex-
clusion or detection of ALPs at a given mass thus boils down
to the precision phase mismatch measurement in the optical
cavity output. Thanks to the recent advances in the phase
measurement techniques, the phase sensitivity is only limited
by shot-noise in a broad frequency range; from terahertz to
optical [70, 71]. Therefore, the smallest detectable phase de-
viation for a coherent state is δφ = N−1/2ph , where Nph is the
average number of photons in the optical pulse. Therefore, the
minimum detectable coupling rate for a single run of experi-
ment is δFr = κ/N1/2ph . In practice the experiment runs several
times at time intervals determined by the optical pulse dura-
tion. By repeating the procedure for Nexp times the precision
gets enhanced by reducing the mean-standard-deviation. The
phase sensitivity is increased further by employing squeezed
light pumps. Currently, quadrature squeezing as high as 15 dB
is available and higher values are within reach [72]. The re-
duced phase quadrature extension is parametrized by the fac-
tor e−r through the squeezing parameter r, e.g. r = 0 for a
coherent light, while r ≈ 1.73 indicates a 15 dB squeezing. In
terms of the cavity length L and finesse F we find the follow-
ing expression for the Fr resolution
δFr = e
−r√
NphNexp
· pic
2FL
. (14)
Exclusion areas.—We now discuss the feasibility of the ex-
perimental implementation of our scheme and the areas of
gaγγ -ma that can be essentially excluded. From Eq. (9) one ex-
pects a maximized coupling rate at the resonance ωL =ma and
thus the exclusion extends to the smaller gaγγ values, which is
lower-bounded by the finite cavity linewidth κ . In particular,
the high precision phase measurement techniques at optical
frequencies allows for excluding the high mass regions by our
setup. In order to implement the setup as a tabletop experi-
ment we consider an optical cavity of L ≈ 8 cm and a mag-
netic field of sine profile with the same characteristic length
`= L. We numerically evaluate Fr for a wide range of ma and
gaγγ and compare it to δFr obtained from (14). For a cavity fi-
nesse F = 6×105, average pulse photon number Nph = 1014,
and a moderate magnetic field of B0 = 8 T one already cal-
culates δFr ' 10−3 Hz. This gets enhanced by three orders
of magnitude with a million time repetition of the experiment
Nexp = 106 and improves by another order of magnitude when
a 15 dB squeezed light is employed, dragging the resolution
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FIG. 2. Exclusion areas in the plane of ALP mass and axion-photon
coupling constant for three different scenarios discussed in the text.
The dashed lines show limits of a constant magnetic field case. The
gray shade is the region where QED-induced polarization-flip dom-
inates that of axion-induced processes. The dotted line corresponds
to Fr = 3G.
down to 10−7 Hz. The state-of-the-art sources of high mag-
netic field are nowadays able to reach at least ten times larger
values [73], which accounts for two orders of magnitude im-
provement in the resolution δFr ' 10−9 Hz.
Fig. 2 shows the areas that can be excluded by our scheme
at three different conditions: (i) coherent light pump and mod-
erate magnetic fields (B0 = 8 T). (ii) squeezed state (r = 1.73)
and moderate magnetic field. (iii) squeezed state and ultra-
high magnetic field (B0 = 100 T). In the figure only resonance
points m ≈ n∆FSR (n = 1,2,3, · · ·) are illustrated considering
the finite cavity linewidth κ . Between these cavity resonance
the detection falls as a Lorentzian function. Thanks to the
small FSR value (∆FSR ≈ 7.7×10−6 eV) the resonance points
get tightly positioned, covering a large amount of possible
ALPs masses. Moreover, since the shot-noise-limited phase
measurement sensitivities with the considered photon num-
bers are only reliable for ωL & 1 THz we anticipate losing the
phase measurement precision for m . 10−3 eV as shown in
the figure. Remarkably, the sensitivity in our proposed exper-
iment goes beyond the projected sensitivity of IAXO [74] and
reaches to the QCD axion parameter region.
In the case of a uniform magnetic field the phase shift is
easily attained analytically
δφ =
g2aγγB
2
0m
2
a
m4a+(ωΓB0)2
ωτ . (15)
For the parameters considered in this work one finds that the
constant magnetic field gives a much weaker constraint shown
by the dashed lines in Fig. 2.
5Discussion.—As a competing effect, the QED-induced pho-
ton scattering in a background magnetic field is one of the
most prohibitive effects whose contribution should be care-
fully taken into account. We now investigate this effect and
show that indeed there are interesting parameter regions where
the ALP becomes the prominent effect.
Taking the effective Euler-Heisenberg Lagrangian at one-
loop calculation [61–64] and following the straightforward
calculations one finds HQED = ∑Gp(εs′ · bˆ)(εs · bˆ)a†s′(p)as(p)
for the photon interaction [65, 66]. This has the same form
as Eq. (8) though with a different coupling rate that for a har-
monic magnetic field under the forward scattering condition
is
Gp ≡−α
2B20ωp
30m4e
(
1+ sinc
(L
`
))
. (16)
The case of uniform magnetic field is retrieved at the limit of
` L.
The phase shift contribution from QED scattering is sim-
ilarly obtained as δφQED = Gτ . The region at which ALP
effect is dominated by the QED scattering is separated by a
gray shade in Fig. 2. Remarkably, in most exclusion regions
our scheme is immune from QED effects.
In summary, we have proposed a new detection method for
ALPs based on the high-precision phase measurement. The
phase difference between two polarization modes of photons
can be induced by off-shell ALPs during the forward scatter-
ing from a non-uniform magnetic field. Our scheme can po-
tentially impact significantly on the discovery of ALPs as it
covers a mostly overlooked and unexplored parameter region.
Our setup paves the way for searching in a wide mass range
10−3eV. ma . 1 eV and reaching the QCD axion parameter
region.
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7Probing Virtual Axion-Like Particles by Precision Phase Measurements
Supplementary Material
In this Supplementary Material, we provide further details about the conventional quantum field theory calculations of the
second-order interaction Hamiltonian (3) and the axion photon conversion rate ΓB in the presence of a harmonic magnetic field
(10). The second-order S-matrix element corresponding to the Feynman diagrams in Fig. S1 is
S(2)(γs→ γs′) =−
i
2
g2aγγ
∫
d4x′d4x εµναβ εµ
′ν ′α ′β ′ F¯αβ (x)F¯α ′β ′(x
′)D(x′− x)[∂µA−ν (x′)∂µ ′A+ν ′(x)+∂µ ′A−ν ′(x)∂µA+ν (x′)] , (S1)
using this, the effective second-order Hamiltonian HγB is defined by
HγB =
1
2
g2aγγ
∫
d4x′d3xεµναβ εµ
′ν ′α ′β ′ F¯αβ (x)F¯α ′β ′(x
′)D(x′− x)[∂µA−ν (x′)∂µ ′A+ν ′(x)+∂µ ′A−ν ′(x)∂µA+ν (x′)] , (S2)
where D(x′−x) is the effective ALPs propagator, A+µ (A−µ ) is linear in annihilation (creation) operator as (a†s ) of photons and the
Fourier transform of the photon field Aν(x) is
Aν(x) = A+ν (x)+A
−
ν (x) =∑
p,s
1√
2Vωp
[
as(p)εsν(p)e
−ip·x+ c.c.
]
, (S3)
here V is the cavity volume and the summation convention implied over photon polarization states s = 1,2 and different energy
modes of the cavity photons. Plugging (S3) into (S2) we get
HγB(t) =
g2γa
V ∑s,s′∑p p′
√
ωpωp′
∫
dt ′d3x′d3x
d4k
(2pi)4
D(k)a†s′(p
′)as(p)
×
[
εs ·B(x)εs′ ·B(x′)e−i(k−p)·xei(k−p′)·x′eit(ωk−ωp)e−it ′(ωk−ωp′ )
+εs
′ ·B(x)εs ·B(x′)e−i(k−p′)·xei(k−p)·x′eit(ωk−ωp′ )e−it ′(ωk−ωp)
]
, (S4)
in which D(k) is the effective ALP propagator in the momentum space which is given by
iD(k) =
i
k2−m20
+
i
k2−m20
(−iΠB(k)) ik2−m20
+ · · ·= i
k2−m2a− iImΠB(k)
, (S5)
where −iΠB(k) denotes the sum of all one-particle irreducible (1PI) diagrams including diagrams with two external magnetic
field lines [Fig. S2]. The imaginary part of ΠB can be identified as the conversion rate of axion into photon in the presence of
the background magnetic field
ImΠB =−ωkΓB . (S6)
Imposing the forward scattering condition p= p′, the interaction Hamiltonian is represented as
HγB =
2g2aγγ
V
∫ d4k
(2pi)4
d4x′d3x ∑
s,s′,p
ωpa†s′(p)as(p)
k2−m2a+ iωkΓB
[εs ·B(x)][εs′ ·B(x′)]e−i(k−p)·(x−x′) . (S7)
In the following, we calculate ΓB for a given profile of the magnetic field. The amplitude for the axion-photon conversion
process in the presence of the magnetic field is given by
T f i = 〈a,k| gγa2
∫
d4xεµναβφ(x)F¯αβ (x)∂µAν(x) |γ,p〉 (S8)
=− igγaωp
2V√ωkωp
∫ T/2
−T/2
dte−i(ωp−ωk)t
∫
V
d3xεs(p) ·B(x)ei(p−k)·x .
Now, for a spatially harmonic magnetic field B(x) = B0 cos( x` ), the conversion amplitude transforms to
T f i =− igγaωpε
s(p) ·B0
2V√ωkωp
∫ T/2
−T/2
dt e−i(ωp−ωk)t
∫
S
d2x⊥ei(p⊥−k⊥)·x⊥
∫ L/2
−L/2
dxei(px−kx)x cos(
x
`
) . (S9)
8FIG. S1. Photon scattering from an external magnetic field. Dashed lines with a solid ball at the center represents the effective axion propagator
in the presence of a non-uniform magnetic field.
= + + + . . .
FIG. S2. The effective axion propagator in the presence of an external magnetic field which is obtained from a sum of the full series of
diagrams with external field insertion.
Here, ⊥ shows the components in yz-plane perpendicular to the direction of the magnetic field oscillations. Note that the
magnetic field oscillation length ` is different from the cavity length L and the cavity volume is V = LS. The conversion
probability per unit time is given by
w =
|T f i|2
T
=
g2γa`
2ωp
LVωk
|B0|2(2pi)3δ (ωp−ωk)δ 2(p⊥−k⊥)
×
[
`qx cos(L/2`)sin(Lqx/2)− sin(L/2`)cos(Lqx/2)
`2q2x−1
]2
, (S10)
where qx = px− kx is the momentum transfer to the axion from the external magnetic field.
ΓB =
∫
w
V d3 p
(2pi)3
=
g2γa`
2|B0|2
L
∫
d px
ωp
ωk
δ (ωp−ωk)
[
`qx cos(L/2`)sin(Lqx/2)− sin(L/2`)cos(Lqx/2)
`2q2x−1
]2
, (S11)
applying well-known properties of the Dirac-delta function we find
ΓB =
g2γal
2|B0|2ωk
L
√
k2x +m2
[
`qx cos(L/2`)sin(Lqx/2)− sin(L/2`)cos(Lqx/2)
`2q2x−1
]2
|
px=
√
k2x+m2
. (S12)
In the presence of a constant magnetic field B= B0, the momentum transfer qx tends to zero and the decay rate is given by
ΓB0 =
g2γa|B0|2
L
∫
d px
ωp
ωk
δ (ωp−ωk)
(
sin(qxL/2)
qx
)2
=
g2γa|B0|2
L
√
p2⊥+ p2x
px
(
sin(qxL/2)
qx
)2
|
px=
√
k2x+m2
, (S13)
by assuming p⊥ = 0, we recover well-known result of the axion photon conversion rate [26, 75, 76] as
ΓB0 =
g2γa|B0|2
L
(
sin(qxL/2)
qx
)2
, (S14)
and in the case of qxL 1, on can approximate Eq. (S14) as
ΓB0 =
g2γa|B0|2L
4
(S15)
